Chapter 6, Section 5
* Transformations of Variables

Method of Moment-Generating
Functions

© John J Currano, 03/22/2009

Method of Moment-Generating Functions

The crucial theorem is:
Theorem 6.1 (p. 318): If X and Y are random variables which
both have moment-generating functions, and if

my(t) = my(t) for all tin some interval around t = 0,

then X and Y have the same probability distribution.




Method of Moment-Generating Functions

Some other useful facts:

1. IfU=aY + b, then

mU (t) — E(etU ) — E(ant+bt ): eth(eY(at)): ebth (at)

2. IfY,, Y, ..., Y, areindependentand U =Y, + Y, + -+ Y, then

my(t) = EeY) = (etY1+tY2+.,.+tY,): (etYleth ___etv,)
= (e“a(ew)... @Wn by independence

= My () My, () -~ my, ()

Method of Moment-Generating Functions

Some other useful facts:

n
3. IfY, Y, ..., Y, areindependentand U = > aY;,
i=1

then my(t) = ]ﬂ[m v, (@ t).
i=1

4. 1Y, Y, ..., Y, are independent and identically distributed (iid)

with common distribution Y, i.e., a Random Sample from Y, and

U=Y,+Y,+ - +Y,, then mU(t)zlan(t)]”.




Method of Moment-Generating Functions

Example 1. Suppose thatY,, Y,, ..., Y, are independent binomial RVs
with Y; ~ bin(n;, p) [same p]. Thenfori=1,2, ..., m,

my @) =(q+pe)"

m
Let Y =2Y,. Then by Property 2 on slide 3,
i=1

My (t) = l'l][in (t) :G + pe)’1+n2+"'+nm ’
i=1

m

so Y has a binomial distribution with n = > n; trials and probability of
i=1

success, p. Thus, the sum of independent binomials with the same

probability of success, p, is also binomial.

Example 2. Let Y ~ NegBin(r, p),
X, = 0, and
X; = # of trial on which i success occurs.

Then
Y, = X, - X_ ~ Geom(p) fori=1,2,...,r, and
Y. Y, ..., Y, are independent.
Also,
r r
YV =2 (X - Xi_1)=X; —Xg =X, —0=Y.
i=1 i=1
L telescoping sum
t r
r pe .
Thus, my(t)=[Imy (t)= (tJ by Property 2 on slide 3.
=1 1-qe

We have found the moment-generating functions of the negative
binomial distributions using those of the geometric distributions.




t r
Example 2. Y ~ NegBin(r, p), mv(t)=( pe t] _
1-qe

We can now use the mgf of Y to find its mean and variance.

For example,
pe® 1" (pe®)(1-qe®)+(pe®) (ae®)
E(Y)=m{(0)= (1 qeoJ (1—qe0)2
:r[p)” pJ1-a)+ pq
1-¢q (1—q)
:r[pjﬂ. l(p+a)
2
p p
" p
Example 3. LetY~N(u 0?) and z =Y —# _ 1y _ #
(o2 (o2 o

Then my (t) = exp(ut + 1 aztz),

Q\l—‘

SO my(t)= exp(— t) mY( j by Property 1 on slide 3

:exp(-gt)exp[u(;t}w(itﬂ
ol Aot (7] o)

So Z ~N(0, 1); Z has a standard normal distribution.

Transforming a random variable Y by subtracting its mean and
dividing by its standard deviation is called standardizing Y.




Example 4. Let Z~N(0,1) and Y=pu+oZ.
Then mz(t)zexp(%tz),

S0 my(t)=exp(ut)m,(ct) by Property 1 on slide 3

:exp(,ut)ex;(% (Gt)z)
:ex(lt +1 o2 t2)

SoY ~N(u o?); Y has anormal distribution with mean x and

variance o 2.

Transforming a standard normal random variable Z in this fashion
is a way of simulating other normal random variables.

Example 5. If Y; ~ N(z, 0,2) are independentfor i=1,2,...,n,

m
then my (t) =explu;t+10?t?) for L<i<n. Let Y=Y aV,.
i=1

Then by the Property 3 on slide 4,

me =11 my (a0 =11 el a0+ 108 )

" 1,2% 2 2
=exp| t2a;u+5t° X afof |,
i-1

i=1

m m
so Y~N (Zai wi, > al afj. Thus, a linear combination of
i=1 i=1

independent normal random variables is also normal.
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Special Case. Suppose Y,,Y,, ..., Y, are arandom sample from

— n
aN(u, o?)-distribution, and Y = 1 >'Y; , the sample mean.
N iz

Then by Example 5, Y ~N(u, o?/n).

Thus the sample mean of a random sample of size n from a normal

distribution also has a normal distribution.

Its mean is the same as that of the original distribution and its

variance is smaller - o ?/n instead of o 2.

This will be used often next semester.
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Example 6. (p. 319, Example 6.11)

Let Z~N(0,1), so f(z)=%e‘zz/2, andlet Y =Z2. Then
T

my (t) = E(etzz) = | etzzﬁe‘zz/2 dz

1 2022/
—e dz
_ N2TT
1

Il
8 ’8

N

- Te—zz/@a—zt)’l)dz
5 V2

3
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Example 6. (p. 319, Example 6.11)

1 2p 52
Let Z~N(0,1), so f(z)_—\/Te , andlet Y =Z°. Then
T

my (t) = T L e2lea) gy

—00

N

The integrand is proportional to the density function of the normal

distribution with =0 and o2 = (1 — 2t)1. Thus, if we multiply by

1 -
> (1-2t)** inside the integral and by o = (1-2t)™"?

outside, we obtain my (t) = (1-2t)%2.1 = (1-2t)¥2,

Thus, Y = 22 ~ y2(1).
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