Section 5.3. Bivariate Distributions:
Marginal and Conditional Distributions

Definition. If Y, and Y, are jointly distributed discrete random
variables with probability function p (y,, y, ), then the
marginal probability functions of Y, and Y, are given by

pi(y1)=2ply1y2) and pa(y2)=Xp(yry2)
Y2 Y1
These are (univariate) probability functions:

1. each is nonnegative since p (y,, ¥, ) is;

2. ZFM(V) > 2oy, y2)=1; sz(Y2) > plyny2)=1.

y1Y2 Y21

The distributions which they describe are called the marginal
distributions of Y, and Y, , respectively.

If p(y,, ¥,) is given by a table, then p,(y,) and p,(y,) can be
obtained by summing the columns and rows, and writing the
sums in the “margins” of the table (hence the name).

Y1t+Y2 )
, ¥Y1=123; yp=12
Example. (v1,Y;)~p(y1yz)=1 21 1 ’

0 , elsewhere

Then the marginal distributions of Y, and Y, respectively, are

+y2 _y1*+1 . y1+2 _2y1+3 _
i v2)- 5 yiiva L y1=123
p(y1): ( yout 21 21 21
0 , elsewhere

y1+y2 _1*tys  2+yp 3+yp 6+3y) —12
pQZ): Z(m y") Z 21 | 21 21 21 Y2

y1=1

0 , elsewhere
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Y1¥TY2 y 2423; y,=12

Example. (\(1’\(2)- [6/1, yz): 21

0 , elsewhere

Using a table, we can find the marginal distributions as follows:

Y1 1 2 3 | pay,)
Yo

1 2/21 | 3/21 | 4/21 | 9/ 21

2 3/21 | 4/ 21 5/21 |12/ 21

p«yq) | 5721 | 7/21 | 9/21 1

Exercise. Find the marginal distributions in the examples on
slides 4 - 6 of Section 5.2.

Definition. If (Y,, Y,) ~ p(y4, ¥,) as in the previous definition, then the

conditional discrete probability function of Y, given Y, =y, is

Plysly2) = P(Yi=y,[Y2=Y,) = A(1=y1.Y2 = v2) = i—m Y2
P(Y2=Y2) rAy2)

provided that p,(y,) > 0. p(y, | Y, ) is undefined if p,(y,) = 0.

We define p(y, | y, ) in a similar fashion.
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P41y = P(Yi=y,|Yy,=Yy,) = P(Y1 =y, Y2 = YZ) - M
P(Y2=Y2) PAy2)

p(y41Yy,) is a (univariate) probability function:

1. p(y,|Y,) is nonnegative since both p(y,, y,) and p,(y,) are; and

2. Zp(y1\y2}2p(y1 ¥2) . L3 o(yy,)- ( )pz(yz)
Y1

v, P2(y2)  P2(y2)y;

The distribution p(y, | y, ) describes is called the conditional

distribution of Y, given Y, =y, and is often denoted by (Y, | y,).

y1+Y2 .
A =12,3; =12
Example. (Y1,Y2)~p(y1,>/2)={ 21 y2 }

0 , elsewhere
2yq1+3 6+3y>o
=123 , Y2 =12
We Know py(y4)= { 21 Y17 } and p2(y2)_{ 21 )2 )

0 , elsewhere 0 , elsewhere

Using these formulas, we can get formulas for p(y, | y,) and p(y, | y,):

iw Y2) y1+y2 )21 _ 1=123
;(y1\y2 6+3yp )21 6+3y T, foryp =12

0, elsewhere

Y1, ¥2) Ay1+y2)21 _ ,=12
r(yz\y1 PAY1 2y1+3)21 2y1+3 T fory1=123

0, elsewhere

Note: p(y, | y,) is only defined fory, = 1, 2, and p(y, | y,) only fory, =1, 2, 3.
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Y2

Y1+Yy2 .
, ¥1=123; yo=12
Example. (Y1,Y2)~ p(y1,y2)=1 21 1 2
0 , elsewhere
Y1 1 2 3 | p,iy,) | We can obtain the probability

1 2/21 3/21 | 4/21 | 9/21

function of (Y, | y,) using tables

2 3/21 4/21 5/21 |12/ 21

by dividing each entry in the y,
row by the y, row sum; similarly

pi(yq) | 5721 7121 | 9/21 1

for (Y, | y,) and the y, column.

yi | POl ||y | P0AI2) || ye | pUal1) || v | PO212) || 2 | PU2IB)
§ |22 | S & 22, 2 3218 4/21 _ 4
9/21 9 12720 1200 1 Vg T | T |72t 7| Y 921 e
2 (222 2 | T2 | o |R20-3|| , (a2t 4]l , 821 5
5/21 5 7121 7 9/21 9
4/21 _ 4 5/21 _ 5
3 41| 3| 8/21_ 5
g9/21 9 12721 12 sum 1 sum 1 sum 1
sum 1 sum 1
8

Definition. Let Y, and Y, be continuous random variables with joint
density function f(y,, y, ). The marginal density functions of Y, and
Y, are defined by

fiyq)=[" f(yny2)dys, —oo<yq<w

faly2)=[" fly1, y2)dyq, —o<yp<ow

These are (univariate) density functions:

1. each is nonnegative since f(y,, y, ) is;

2. Eooof(y1)dy1 = Eowﬁowf(ym Y2)dy2 dy1=1, —o<yq<o; and

3. [ty )y = [ [ iy, ya)dysdy, =1, —w <y, <.

The distributions which they describe are called the marginal
distributions of Y, and Y, respectively.
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Example. (p. 244 #5.27a) Find the marginal distributions of Y, and Y, if

6(1-yz), O0<yj<yp<1 1
fy1,¥2)= 4
0 , elsewhere. Y2 Y2 = Vs
or y,=Yy,
Always draw the joint support of Y, and Y, H ;
Y4

The supportof Y,is 0<y,<1,andif 0 <y, <1,

f(Y1): Eooo (Y1, yz)dyz = f:” (6—6)’2)(1}’2:IEY2— 3)’5'11
=3-(6y;—3y?)=3(1-y,)

Similarly, the supportof Y,is 0<y,<1,andif0<sy, <1,

Sy ) 2, 1y, y2 )y = IZZ6(1_V2)dY1 :E(1—y2)y1:[: ::2

=6y,(1-Y,)

Example. (p. 244 #5.27a) Find the marginal distributions of Y, and Y, if

6(1-y5), 0<yq<y,<1 1
f y1!y2 = %
0 , elsewhere. Y2 Y2 =Y,
or y,;=y,
[ A—
0 Y, 1

So the marginal density functions of Y, and Y, are

gy [30-y%, 05y <
0, elsewhere

olyz)= By2(1-y2), 0<yp<t
22 0, elsewhere
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Now we would like to define conditional distributions in the continuous
case. For any jointly distributed random variables, Y, and Y,, we
define the conditional distribution function of Y, given Y, =y, to be

F(yilya) = P(Yysy, | Yy =Y,).

For Y, and Y, discrete, F(y1 |y2)= > p(t1 |y2)

4=y
In the continuous case, we would like to get a density function,

A
f(y4 |y, ), with the property that F(y1 |y2): j(t1 |y2)it1.

Since in the discrete case, the conditional probability function is

= i—]y1’y2 |t seems natUIa| tO t| y I‘ 2)= K—)y1’y
’ y | y ’

provided f,(y, ) > 0.

Before we can define f(y, |y, ) in this manner, we need to check:

1. itis a density function (nonnegative and integrates to 1); and

2. ltis the pdf of Y, given Y, = y,; i.e., that
(*) F(y11y2)=P(Y1<y11Y2 =y2) =Y f(ty1y2)dy.

But:

1. 11 ly2)F %) is a density function since

a. itis nonnegative as both f(y,, y,) and fz(yz) are; and

o G112 ¥ =L, %y;) R0

g O

2. See the handout on conditional distributions for a justification
of (*) and (2). 13
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Definition. Let (Y,, Y,) ~ f(y,, ¥,) be jointly continuous random
variables with marginal densities f,(y,) and f,(y,), respectively. Then:

1. For any y, such that f,(y,) > 0, the conditional density of Y, given

. f , .
Y,=y,is f(yq |y2):M, and

fa(y2)

2. For any y, such that f,(y,) > 0, the conditional density of Y, given

; fy1,y2)
Y,=vy,is flyo|yq)= .
1 1 ( 2 1) f1()/1)

Note that f(y, | y,) is undefined if f,(y,) = 0 and f (y, | y,) is
undefined if f,(y,) = 0.

a.

Example. (p. 244 #5.27) 1
6(1—y2), OSy1Sy2S1 X
Y ’ Y ~ f ’ = yz yz = y1
(Y1, Y2) ~(y1.v2) { 0 , elsewhere or y,; =Y,
N
0 Y4 1

Find the marginal density functions for Y, and Y, :

By our earlier work,

3(1-y4)2, 0<y <1
f1(Y1)={

0, elsewhere

By (1-y2), 0<yp<1
f =
2(v2) { 0, elsewhere
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Example. (p. 244 #5.27) Y2

6(1-y2), 0=y <y, <1 314
(Y1,Y2)~f(Y1,Y2)={ ( 0 2) =02

elsewhere 12 Ny, =y,

Y4
0 172 3/4 1

b. Find Plv, <1 |v;<3) =

[ Cannot use conditional distributions, since givenY, < 7, not Yq = %. ]

F(@ <3 M1 <3} ”T(W y2 )dA = f f26(1—yz)iy1dyz
1/2 6(1 Y2)’:[ dy, —I 2[66 Y2)yz 6(1 yz)]jyz

12 3 1/2 1
= fo [6yz 6y, dez = 3y2 —2y2~

Example. (p. 244 #5.27)

6(1-y2), 0<yq<y,<1

Y1,Yo)~flyq, =
(Y1, Y2)~f(y1, y2) { 0 . elsewhere

Y, <1y <3) 12 3/4 1
b. Find Py, <}|v;<3) = P(2 21
Y1<f)

3/4 3/4
3\ 2
Pvi=3)= [ toaan =] (3-6v3v7 Jay
3/4 63
s Tt
) 12 w2
63/64 63
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Example. (p. 244 #5.27) 1‘j

6(1-yz), 0<yq<y,<1 V2
Y, Ys)~flyq, = Xy =
(1 2) (Y1 Y2) { 0 . elsewhere Vi =Y,
_y—’l._

c. Find the conditional density function of Y, given Y, =y,

By, (1-yz), 0<y, <1 .
fg(yg):{ 0 elsewhers| SO PrOvided f(y;)>0 (0<y, <1)

, 1- 1
(v yz): a-y2) = 0<y <y,

f@\yz): ty2) 6yL1-y2) 2

0, elsewhere

Notice that this is a uniform distribution on [0, y, ]; that is,
(Y4 ]yy) ~ Uniform(0, y,) if0 <y, < 1.
f(y,|y,) is undefined fory,<0 ory,>1.

Example. (p. 244 #5.27)

6(1—y2), OSy1Sy2£1 12 X _

Y’Y ~f ’ = Y2 =Y
(1 2) (y1 y2) { 0 , elsewhere

o St

d. Find the conditional density function of Y, given Y, =y, :

2
f1(yq) = 3(1-y4)", Oy <t so provided f,(y,)>0 (0<y,<1),
0, elsewhere

Fys, 6(1-yp) 21—
V1.y2) _ 60-ya) _21-y2) 4

flya|yq)= filyr)  3(1-y?  (1-yq)?
0, elsewhere

f(y,|y,) is undefined fory, <0 ory,>1.
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Example. (p. 244 #5.27)

[ Ay, [ Ay,
3/4 3

4 (1/4)

6(1—y2), OSy1Sy2§1 Y2
Y ,Y ~f , = 1
(Y1, Y2) ~f(y1, y2) { 0 . elsewhere ol z
f(ys, 2(1- 12+ =
flyzlyr)=1 B (1-yy) i .
0, elsewhere o R
e. Find P(Yz 2% Y= %) Here we must use a conditional distribution:

20

Example. Suppose Y, and Y, are jointly distributed with

the joint support of (Y,, Y, ) is

4
folys)=1 22 0<yz <1 Y2 g1
0, elsewhere 4
andfor 0<y,<1, ’0<y1<y2<1 ‘ 4 7
c 4 7
17;/1, 0<yq<y> v;-O" +
flyaly2)=1 ¥, o] %
=0
0, elsewhere. %
Draw the picture! Since 0<y,<1 isthe supportofY,
and 0<y,<y, isthe supportof(Y,|y,),

0<y,<y,<1, atriangle bounded

above byy, =1,
to the leftbyy, =0, and
below and to the right by y, =y, .

(£

21
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